Abstract. An outerplanar (also called circular, convex, one-page) drawing of an n-vertex graph G is a drawing in which the vertices are placed on a circle and each edge is drawn using one straight-line segment. We derive exact results for the minimal number of crossings in any outerplanar drawings of the following classes of graphs: 3-row meshes, Halin graphs and complete p−partite graphs with equal size partite sets.
Introduction
Let G = (V, E) denote a graph and deg (v) denote the degree of v ∈ V . A drawing of a graph G with vertices of the graph placed on a circle and the edges drawn as straight-line segments is called outerplanar drawing of G. The outerplanar crossing number ν 1 (G) is defined as the minimum number of pairs of crossing edges over all outerplanar drawings of G [1] (to find the outerplanar crossing number is NP-hard problem [2] ).
We use this notation for outerplanar crossing number in accordance with the k-page crossing number ν k [4, 5] ). There are other notations and terminologies used for this quantity as circular, convex and one-page crossing number.
Let D(G) denote an outerplanar drawing of G and let ν 1 (D(G)) denote the number of crossings in this drawing.
The only known exact result for outerplanar crossing numbers is in [3] . It is shown for complete bipartite graphs and for example in the case that m divides n, it holds that ν 1 (K m,n ) = 1 12 n(m − 1)(2mn − 3m − n) and in the case m = n, ν 1 (K n,n ) = n In this short contribution we give the propositions on outerplanar crossing numbers of the 3-row meshes, Halin graphs and complete p-partite, p ≥ 3, graphs with equal sizes of the partite sets. One of the motivations for this kind of the research is to provide graphs which can be used to test heuristics for low crossing outerplanar drawings.
Meshes
Let P m be an m-vertex path. Let P m × P n denote the m × n mesh graph. The graph P m × P n is a union of m paths of type P n (called rows) and n paths of type P m (called columns). Let us call the subgraph consisting of edges incident to the first (last) two column vertices the comb, respectively. Theorem 1. For any n ≥ 3,
Proof. The order of vertices on the circle in an optimal drawing for even n is given by the Hamiltonian cycle. For odd n the order is same, except the last column, which follows the order of the last column in even case. The lower bound is proved by induction on odd n. The cases n = 3, 4, 5 are proved by using a computer. By using a computer we also proved that in any drawing of P 3 × P 4 every comb contains at least 4 crossings. Suppose that the claim holds for some odd n ≥ 5. Consider an optimal outerplanar drawing of P 3 × P n+2 . By deleting the edges of the 4-th,...,(n + 1)-st column we get a graph homeomorphic to P 3 × P 4 . we conclude that the left comb of P 3 × P 4 contains at least 4 crossing. It means that there are at least 4 crossings on the comb edges in the drawing of P 3 × P n+2 . By deleting the comb edges we get a drawing D(P 3 × P n ). By the inductive assumption we have
Proof for even n is similar.
Outerplanar Crossing Numbers of Halin Graphs
A Halin graph G consists of a tree with m leaves connected by a cycle, with no vertices of degree 2 except the root.
Theorem 2. For a Halin graph G, with a tree with m leaves:
Proof. Lower bound. Given a drawing of G, number the leaves of G on circle starting from root in clockwise manner as u 0 , ...u m−1 . The leaves of the tree of G divide the circle into m intervals of internal tree vertices which are either empty or contain some vertices of the tree of G. Observe that any edge between vertices of two different intervals cross at least 2 edges of the cycle of G. Further observe that an edge incident with a leaf and a vertex from a non-neighbouring interval causes at least one crossing on an edge of the cycle. Now, consider edges incident with leaf vertices except u 0 and u m−1 . Any leaf edge except edges incident with u 0 and u m−1 must cause at least one crossing apart from the case when it is incident with a vertex in the neighbouring intervals. Denote the vertex v. For every interval there are at most two such leaves. As between the vertex v and the root exists a unique path in the tree, there have to be an edge in this path crossing the cycle at least twice. Thus we can assign to every leaf except u 0 and u m−1 at least one crossing which implies at least m − 2 crossings in any outerplanar drawing of G.
Upper bound. First we describe the construction of the order of the vertices. We assign a type pre, in, or post to every vertex of G in the following way: the root will be of type pre, the left most child of the root will be of type pre, the right most child of the root will be of type post, rest of the children of the root will be of type in. 
This drawing of the Halin graph contains exactly m − 2 crossings. For lack of space, we skip the proof of this.
Complete p-Partite Graphs K n (p)
In this section we prove an exact result for the outerplanar crossing number of complete p-partite graphs with equal sizes of the partite sets. Denote 
